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Displacements depending on One, Two and Three 
Parameters in a Space of Four Dimensions. 

By Thomas Craig. 



In the present paper I have given as briefly as possible a generalization to 
a space of four dimensions of the kineraatical methods developed by Darboux in 
the first two volumes of his " Theorie generale des Surfaces." As I have only a 
very slight knowledge of what has been done in the geometry of a four-dimen- 
sional space (Euclidian), I have confined myself entirely to the generalization of 
Darboux's formulas, lest otherwise I might merely repeat what is already well 
known. 

"We shall first consider a system having one point, 0, fixed. Let 
X, T, Z, W be the coordinates of a point referred to fixed rectangular axes 
having as origin; x, y, z, w the coordinates of the same point referred to 
moving axes also having as origin. The following table gives the direction 
cosines of the two sets of axes referred one to the other : 
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Among these 16 cosines we have the following 10 relations: 

af + /S! + y! + J}=i, <*!«* -r- ftft + YiYt + -«A = , 
<A + ft + yj+ 81= 1, ai a 3 + ftft + YiYs + &A=0, 
aj + ft + yi + «8=l, «1«4 + ftft +7i74 + «A = 0, 
«! + /?! + 7! + # = 1 , a 8 a 3 + ftft + 7273 + y, = 0, 

a 2 a 4 + ftft + 7^74 + $A = ° . 

a3«4 + ftft + 7s7<i + ^4 = » 



(2) 



136 



Craig: Displacements depending an One, Two and Three 



or 



a? +a| +a| +a| = 1 , a^ x + a 2 /? 2 + a 3 (3 s +a^3 t = 0, ' 
Pi +P» +Ps +PI — 1 » «iyi + a*/* + a s y 3 +a 4 y 4 = 0, 



h\ +% +38 + hi = i , y A + yA + yA + yA= o, J 

I shall call the figure formed by the four three-dimensional spaces 
X=0, F=0, Z=0, W=0, 

meeting at the point a tetrahedroid, and that formed by the six planes 



(2') 



(3) 



(X=0, (X = 0, (X = 0, 

tr=o, \z =o, \w=o, 

(7=0, (7 = 0, (Z=0, 

\z = o, \w=o, 1tt=o,. 



(4) 



a hexahedron. 

It will be convenient to speak of any such expression as 

AX+B7+ CZ+DW+E=0 

or ax + by + cz H~ ofoo + e =0 

as a hyperplane. 

In fact I shall employ the nomenclature used by Poincare in his memoir 
"Sur les Residus des Int6grales doubles," Acta Math., t. 9, pg. 325; thus a 
hypersurface will be expressed by a single relation between the four coordinates 
of a point, a surface by two such relations, a line by three relations. 

The following four equations 

a a x x + &\X + y& + SiW = , 

b a 2 x + (3 2 y + y % z + S 2 w = , ^ 

c a 3 cc + ## + y 3 z + $ s w = , 

d a 4 £c + &y + 74 2 + &t W = ° 

are the equations of the four hyperplanes forming the faces of the moving tetra- 
hedroid. The planes formed by the combination of these in pairs will be the 
faces of the hexahedron ; these may be denoted as follows : 

Q3 -\ 

(6) 



{a,b) = P\ (a,c)=P*, (a,d)=P s ,\ 



(&,c) = i* {b,d) = P\ (c,d) 

To denote the direction cosines of these six planes I employ the notation used 
by Cole in his paper " On Rotations in Space of Four Dimensions," American 
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Journal of Mathematics, vol. XII, p. 191. The direction cosines of the plane 
P\ for example, will be denoted by 

*12> ■* 13) -^ 14) *23> 

Since our system is an orthogonal one, we have 



(7) 



and similar expressions for the 30 direction cosines of the remaining five planes. 
These quantities P tj satisfy the two equations 

P\% f"P\3 + -*14 ~(" "^23 4" -^24 T ^34 — 1 I ( /g\ 

•* i» -P34 -Pis PfA ~h P23 -» H = ' 

(note that P u = — P & , so that the second of these can be written in the form 

■» 12 ■* 34 T ■* 18 -* 42 T ■* 23 ■» 14 — > 

the form in which Cole gives it). 

I shall denote the moving tetrahedroid by the letter T and the hexahedron 
by H. To form the equations giving the motion of T we proceed in exactly 
the same manner as in forming the analogous kinematical equations for space of 
three dimensions. 

Differentiate the second set of equations (2') and write 



2<fyi _ V da,i 



1, 2, 3, 4. 
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For w— the quantities p Z3 ,Pi 3 , p i% are respectively the quantities p, q, r of 
ordinary space. The extended form of the ordinary kinematical equations 
can now be written down at once, but instead of writing them for the point 
(x, y, z, w) I shall at once write them for a point at distance unity from on 
each of the axes X, Y, Z, W, referring the reader to Darboux (" Theorie generate 
des Surfaces," 1. 1, pg. 4) for the intermediate steps. The equations are 

-fa ~ + PisP —PW +JPl4§, 

-Jr = —Pvflt + iW + Pt£ . 

at (10) 

-fa- = i>i3» — Pn@ + Ps£ » 

d8 

-fa- = — Pu a —PuP —PuY 

These equations are satisfied by the four sets of direction cosines 

(«i, fr> yi> #1)1 (a«> A. yg> $})> (a 3 , @ 3 , y 3 , 8 3 ), (a 4 , /3 4 , y 4 , S^, 

and these by (2) can be expressed in terms of 6 arbitrary quantities. For the 
expression of the 16 cosines in terms of 6 arbitrary quantities the reader is 
referred to a paper by Cayley in vol. XXXII of Crelle and to Cole's paper above 
cited. 

We have here what at first sight seems rather curious, viz. a system of four 
equations of the first order (equations (10)) containing six arbitrary constants in 
their general solution. This is, however, easy to explain. The rotations p v are 
the components of rotation about the six planes of the hexahedron H. By aid of 
(7) and (10) we can form six equations giving the derivatives of P 1S , P 13 .... P u 
with respect to t. We have by (7) 

dPL d 



dt =-ar(«A -«»&)? (") 

expanding this and substituting from (10) where we give the quantities 
a , ft , y, 5 the suffixes 1 and 2 successively, we arrive at the equation 



dPh _ 



=Px>P\ 3 + PziPl + Pi 3 Ph -PuPl, (12) 



dt 

and similar equations for 

dP\ 3 dP l u dP] 3 dP\ dPl 
dt ' dt ' dt ' dt ' dt 
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Dropping the superior affix, we have the following six equations satisfied by the 
tion 

dP 12 



36 direction cosines Pfj 



PuPu +2>2iPli + P13P23 ~PuPu 

Pw p i% + PuPu + Pn Pa — PuPu , 

r == — PuPist — Pu P13 + PizPni — PizPa 1 

= — PlsPlZ — PnPlS + ^34^34 — i> 2 4-Psi , 

= PuPi2 +PizPu— PsiP® +PzaPu, 

PuPis + PisPu + Pu Pn — PssPu 



dt 

dP 13 

dt 
dP, 

dt 
dP. 

dt 

dt 

dP Si = 
dt 



V 



(13) 



From these we have at once the two quadratic integrals 

n + Pis + n + Ph + PL + PS. = const., ) fl4 , 

PiA-PibP^ + PuPzs = const. ) V 

These last equations show us that by proper substitutions the integration of 
equations (13) can be conducted to the integration of a system of four equations. 
The four equations are evidently equations (10). 

Equations (10) obviously have the following integral of the second degree: 

a s + P* + f + 1* = const. (15) 

If now (a , /3°, y°, 8") is a particular integral of (10), we can add the integral of 

the first degree 

aa° + $8° + yy° + SS° — const. (16) 

to (15) (Darboux, I, p. 20); and so if we have three particular integrals of (10) 

(a , 13°, y\ V), (a 1 , p\ y\ P), (a?, (P, y\ V), 

we have the following system of equations for the determination of the general 

integral : 

a* + (3 Z + f+ S 2 = const., 1 
aa° + 0/3° + yy° + St = const., ! , 

aa 1 + (3(3 1 + yy 1 + SS 1 = const, | V ' 

aa 2 + (SP* + yy* + $& = const., J 
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Since of + 0*' + y*' + b~ k * — const., (h = , 1 , 2) 

we can join to equations (17) the following:* 



(18) 



A = 



a, (3, y, $ 

a 6 , F, y\ o» 

a\ /3 1 , /, a 1 

a 2 , /3 2 , y 2 , 3 2 



= const. 



(19) 



That A = const, is obvious from the fact that by (15), (17) and (18) its square is 
a constant. The last three equations of (17) and equation (19) are linear in 
a, (3, y, S, and so serve to give us the values of these four quantities. 

It is only necessary to employ the reasoning on page 6 of Darboux, t. I, 
and equations (10), (15) and (16), to see that a general solution of (10) involves 
six arbitrary constants, viz. the six arbitrary constants which serve to define 
the initial position of the hexahedron E. 

Suppose now that the system has no fixed point. We must then introduce 
the components 

£> n, £> * 

of translation of the origin of the moving axes. Here again it is only necessary 
to reproduce Darboux's reasoning (p. 7 he. cit.) Let X Q , T , Z , W denote the 
coordinates of the moving origin. So far as the rotation is concerned, the origin 
can be fixed, and therefore the 16 direction cosines determined as above. We 
have now the following equations for the determination of X , F , Z , W : 



dY, 
dt 



= <*■£ + 0M + 7s£ + \t, 



^f[s = a£+fa+y£+te, 



(20) 



* This method of solving equations (17) was, for three dimensions, communicated to me by Pro- 
fessor Echols of the University of Virginia, who had received it from M. E. Cosserat. M. Cosserat's 
note to Professor Echols was drawn out by a solution which I had published in the Annals of Mathe- 
matics of the equations just preceding (6) on page 21 of Darboux's Theorie generate des Surfaces. 
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The integration of these equations is reduced to quadratures, since the coeffi- 
cients a,i, fa, y u hi have already been determined as functions of t and £, r\, £, t, 
like p n , p 13 . . . . p Sit are given functions of t. 



Return now to equations (10) and write 



a = 



*»+ 1 



P = 



2fi 



2v 



¥ + 1 ' 7 ~ W + 1 ' 

F=a 2 + ^ s + v 2 . 



« = 



f+ i 



(21) 
(22) 



After some simple reductions we shall find the following equations : 
-fa — Wn — vpu + (— £— ) Pi* ~ a &Pm + PP* + "PbJ . 
-J- = — *Pu +• ^23 + (— ^— jPti — P l^Pu + WP* + ^sj » [■ (23) 
_ = Xp ls — fip 23 + { — —J p Si — v typu + ftpta + vp si ] . 

This system of simultaneous equations is, for three unknown functions, a gene- 
ralization of Riccati's equation. I do not know whether such equations have 
been studied or not, but, as their integration ' plays no part in the present 
paper, it is not necessary to say anything more about them.* 

Consider now the case of displacements depending on two parameters, 

t, u. Let p 12 , pi3 p u denote the rotations which depend on t alone ; 

Pit, Pis> ' • • -pL those which depend on u alone. We have at once the equa- 
tions 



oa 



= — Pisfit + PnY + P*$ » 



dt 

dt 

-fa = Pufl>—PnP 
dh- 



PnP — Puiy + Pu$, 



+ pj, 



(24) 



dt 



= — i>u« — PmP — PsiY 



* A note on the subject of these equations by Mr. John Eiesland will appear in the following number 
of this Journal. 
19 
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da 
du 
d$_ 
du 

dy 

du 

dh_ 
du 



= —Piz<* 



Fuf*- 



PuP — Pv/y + Put, 

-PwP + pL$> 



-%r = — Pu a — P**P —PuY 



(25) 



Differentiating each of (24) for u and each of (25) for v and equating the results, 
we have the following six equations of condition connecting the coefficients p ti 
and p'q : 



dPn 
du 



dp{ 



12 



du 

dPu 

du 

dp® 
du 



dt 

dpis 
dt 



+ 



+ 



Pis, Pn 




Pu, Pu 


Pis, Pw 




Pu, Pu 


Pzs, Pn 




Pu, Pu 


Pis, pi% 




Pu, Pu 



dp'u. 



dpi 

dt 



23 



dt 



2Pu dp'% 
du 

dpu 
du 



24 



dp{ 



'34 



dt 



+ 



+ 



+ 



Pl2, Pi* 




Pis, Pu 


pi , pL 




Pis, Pu 


Pit, Pu 




Pu, Pu 


Pis, Pis 




pL, Pu 



Pu, Pu 
Pu, P'n 
Pis, Pu 
Pis, Pu 



Pu, P%s 
Pu, pL 
Pas, Pu 
Pzs, Pu 



= 0, 



= 0,, 



= o, 



= 0, 



= 0, 



= 0. 



(26) 



We shall arrive at the same set of relations between the quantities p^ and p' t} if 
we form the two systems of equations similar to (13), one system giving the 

values of -~-^ and the other giving the values of -5-^ . For convenience of refer- 
ee ou 

ence I shall write the first of each of these systems : 

~Oj FiS 1 - 13 T ±>%i± 14 ~T ±>U* 23 jPU-» 24 > V (27) 



^ = P^sPis + PuPu + P'*P% 

Oil 



p'uP; 



24! 



(28) 



Keciprocally, whenever we have twelve quantities p$, pij satisfying equations 
(26), there exists a motion in which these twelve quantities are the rotations. 
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We can use either equations (24) and (25) or (27) and (28) and reproduce almost 
word for word the reasoning on pages 49-51 of Darboux ;* it is not necessary to 
go over this ground, as the reader can readily supply the missing reasoning. 

The question of the integration is in this case led back to the determination 
of systems of solutions common to two sets of equations formed like (23) — one 
gives 

dx dy dz 
W W W 



and the other 



dx 
du~' 



dy 

du ' 



du 



It is not the purpose of the present paper to take up the study of any of 
these equations, but merely to indicate what problems require to be solved in 
generalizing Darboux's methods. If the system has no fixed point, let £, q, %, * 
denote the translations of the origin of T, or H, depending only on i and 
£', rf, £', t', the translations depending only on u; if X , Y , Z , W denote the 
coordinates of the moving origin, we have for their determination the equations 

dX a 






(29) 



with similar expressions in T 6 , Z , W Q . The 16 cosines are, of course, deter- 
mined just as in the case where the system had one fixed point. To find the 
conditions to be satisfied by £, r;, .... *', differentiate the first of (29) for u and 
the second for t and equate the results. Since the equations must hold when we 
replace (ct lf ft, y lt &J by (ex 2 , ft, y 2 , S 2 ) or (a 3 , ft, y s , S s ) or (a 4 , ft, y it &,), and 
since the determinant formed by the 16 cosines is not zero, we have at once the 
following equations of condition : 

3£ d? 



du 
dy; 
du 

di 



+ Pitf' —P'iM—PxsZ + P'i£ + Pa*' — Pu* ~ ° ' 



dt 

^.-Pv£'+pI£+p*£ 



■pU + Pm*' — pL*=o, 



d? 



du 

dt 



dt 

dr' 



+ P\£ —p'vk — iW + Av + Pm*' —p'u* = o , 



2^ — -^ — Pu£' + p[& — Pzw' + Pun — p^' + p'u* — o , 



(30) 



*It is understood that the references are always to t. I of the " Theorie generale des Surfaces.' 
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Reciprocally, whenever the quantities £ . . . . t', p i2 . . . .p 3i satisfy equations (26) 
and (30), there exists a motion for which these are the translations and rota- 
tions ; to show this it is only necessary to reproduce the reasoning on page 67 of 
Darboux ; this, however, will not be done. 

The following are the projections of the infinitesimal displacements on the 
axes of x, y, z, w in the case of no fixed point; and when the variables (t, u) 
are supposed to depend on a single parameter, say s : 

dx + %di-\- £'du + {pi?flt-\- p'^du) y — (pi 3 dt-\- p{ 3 du) z -\- (p u dt + p' u du) w , 
dy + r;dt+ y;'du — {pi$dt+ p'is&u) x + (_p 23 <^+ p^du) z + (p u dt -\-p' u du) w , 
dz + %dt+ £'du -\- (p 13 dt+ p{ 3 du) x — (Pz$dt+ p'^du) y + (p 3i dt +p' 3i du) w, 
dw + rdt+ t'du — (Pudt-{- p^du) x — (psudt-\- Pudu) y — (p 3 idt + p'^du) z . 



(31) 



For the case of a fixed point it is only necessary to make all of the Greek letters 
zero, and for a one-variable displacement to make the quantities p' tj all zero. 

In the case of a one-variable displacement and a curve of triple curvature, 
the geometrical interpretation of the quantities p tj is given in a Thesis by Mr. 
J. GL Hardy which will shortly be published. There also will be found a fuller 
account of some matters which I have merely indicated in what precedes and 
follows. 

In the case of a one-variable displacement we are of course conducted to 
the geometry of a curve in 4-dimensional space, that is, a locus represented by 
three equations in x, y, z, w, say 

^(x, y, z, w) = 0,-\ 

^(x, y, z, w) = Q, V (32) 

$ 3 (x, y, z, w) = 0;J 

in the case of two-variable displacements we are conducted to the geometry of a 
surface which may be denoted by the two equations 

^(x, y, z, u>) = 0,| , 33 ^ 

4> 2 (x, y, z, w) = 0.) 

We can, however, go a step further and consider three-variable displacements 
when a point moves on (or in ?) a curved 3-dimensional space or briefly on a 
hypersurface. Let t, u, v denote the independent displacement variables in this 
case. We shall now have the following three sets of equations: 
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da 



du 

dy 

du 

dh_ 
du 

da 

dv 

3/3 _ 
dv 



dy 

dv 



PuP — Pu/y + jPuP, 

+ Pis7+P^, 

PzsP + Psi$ , 

PuP—Puy 

PnP—Pi&+Pu$, 

+ pisy +p'J>, 

P'lsu—Pisfi + p's£, 

= — i>u« — p'uP — pLy , 
pUP—pUty + p'tf, 

Piia +p&y + Pu$, 



dt 






dp 
dt 


— _ 


—Pvfl- 


dy 
~di 


= 


P\s^ — 


dh 

dt 


= . 


— p u a — 


da 
du 


= 




dp 


, 


— »,'»«, 



y 



(34) 



(34') 



(34") 



™=-p'ia-p&P-p&y 
av 

Three other sets of equations similar to (13) and giving the values of 



dP iA 



dPn 



dP u 



dt ' du dv 

can also be written down, but their forms are so obvious that it is not worth 
while taking up space by reproducing them. We have now to find the condi- 
tions which must exist among the quantities p , p 1 and p" in order that the three 
preceding systems of equations may admit of common solutions. These condi- 
tions are obtained in the same way as above and are eighteen in number, group- 
ing themselves naturally in six groups of three each, viz. 



du 



~v™ 4- 

5j T 



3Pl2 

dv 



dt 

m 

du 



+ 



dp[i dp 



dt 



dv + 



i>13, Pi3 

Pis, Pis 


— 


Pu, Pu 
Pu, P'u 


= o, 


Pn, Pis \\Pu, Pu 

Pii, Pu 1 1 Pu, Pu 


= o, ► 


Pas, Pis 
Pis, P'li 


— 


Pu, Pu 
Pu, Pli 


= 0, 



(A») 
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Ms 

du 



Mis 



dpi 
dt 



13 



M 
dt 



dt 
Mi 

du 



M , 

~dT + 



+ 


Pn, Pn 




Psi, Pu 




Pzs, Pu 




PU, Pu 


+ 


Pis, Pn 
Pa, Pit 


— 


Pu, Pi 
Psi, Pu 



dp u dpU 



du 

Mi 

dv 



dt 



+ 



M 
dt 

dp%s 
du 



du + 



+ 



M 



23 






dpi; 



23 



dv 
d P & 



dpi' 

du 
dp™ 



du + 



+ 



dt dv 



dpu _ Mu 
du dt 



+ 



dpi. 
dv 



dp,, 



u 



a "' du 



dpH dp, 



dt 

d Psi 
du 

dpU 
dv 

Mi 



"~ dv + 



Mi , 
-3T + 



dpiL 



du 



+ 



dt 



Mi - 

dv " t " 



Pis, Pn 
Pzs, Pn 



P'si, Pu 
Psi, Pu 



= 0, 

= 0, 
= 0, 



Viz, Pu 




Pn, Pu 


= 0, 


Pn, Pu 




Pis, P'u 




piz, pL 




Pis, Pu 


= 0, \ 


Pu, Pu 




Pis, Pu 




Pu, Pu |_ 


Pis, Pu 


= 0. 


Pu, Pu 




Pis, Pu 


J 



Pn; Pis 
Pn, Pis 
Pn, Pis 
Pn, Pis 
Pn, Pis 
Pn, Pis 



Pu, Pu 
Pu, Pu 
Pu, Psi 
Pu, Pu 
Pu, Pu 
Pu, Pu 



Pu, Pn 




Pu, Pis 


Pu, Pn 




P'u, Pis 


Pu, Pn 




Pu, Pis 


P'u, Pii 




P'u, Pii 



Pii, Pii 
Pu, Pn 



Pu, Pis 
Pu, Pis 



= 0, 
= 0, 
= 0, 

= 0, 
= 0, 
= 0, 



Pis, Pu 
Pis, Pii 





Pis, Pu 
Pis, Pu 


= 0," 


Pis, Pu |_ 

i>13, PU 1 


Pis, Pu 
Pis, pii 


= 0, - 


i>is. p'u 




Pi's, Pu 


= 0, 


Pis, Pu 




Pis, Pu 





(A„) 



(A M ) 



(A.) 



(A«) 



(A34) 



There are several forms into which the three terms in each group can be thrown, 
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many of them rather elegant, but inasmuch as the above are really the most con- 
venient forms for applying these conditions, I shall not give any of them. 

A final set of conditions must be obtained when we suppose the system to 
have no fixed point. Let (£, q, £, <r) denote the translations of the origin of T 
depending on t alone ; (£', >?', £', r 1 ) those depending on u alone, and (£", »/', £", t") 
those depending on v alone. If, as before, in equations (29), X , Y , Z 0> W 
denote the coordinates of the moving origin, we shall have 

dX R 



dt 



= a£ + /?!>7 + YiK + V > 



H° = a£ + /V + yg + V , j. 



(35) 



The motion of the tetrahedroid is, of course, obtained just as when one point was 
fixed, so that quadratures only are necessary to determine X W . The 



conditions to be satisfied by the £, 37, . 
follows : 

du dt 



d% 



d£» 



dv 


du 


dt 


dv 


dv\ 

du 


drl 
' dt 


dv/ 


dv" 


dv 


du 


dr/ 1 


dv\ 


dt 


dv 



-^r + 



a,. a„, + 



+ 



K 

du 



dt 



d% d?' 



dv 
dt/' 



du 

dl. 



dt 



dv 



n 

Viz 

rl 

piz 



pii 

1 : 
pa 

e 

P12 

e 1 

pii 

1 

PlZ 

e 

Pis 

pu 



pit 

n" 
Pii 

n 
Pa 

e 

pit 

pii 



pn 

V 

PlZ 

E" 

Pi's 
Pis 



+ 



+ 
+ 



+ 



+ 



+ 



Pis 

p' 
pii 

P23 

Pss 
Pii 

Y\ 
PtS 

rl 
P'ts 



pH 



r" are readily found and are as 



Pis 
Pii 
Pis 

Pis 



n 
Pis 

Yl" 

pH 
Pk 



Pu, Pii 



Pit, Pi'i 
t", T 

Pii Pu 



Pu, Pk 



Pzi, Pii 



Pzi > Pii 



Pu, Pu 



Pii, Pu 



Pu, Pu 



= 0, 



= 0, 



= 0, 



= 0, 



= 0, 



= 0, 



= 0, 



1=0, 



= 0, 



(*) 



w 
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du 

dv 

dt" 
dt 



dt' , 

~ dt + 



Pu, Pu 



+ 



n > n 

Pa, Pu 



dt" 



du 



+ 



dv + 



Pu, Pu 


+ 


n' , n" 

Pu, Pu 


Pu, Pu 


+ 


v" , V 
Pu, Pu 



+ 

+ 
+ 



Pu, Pu 

P34, Pu 

Pu, Pu 



= 0, 
= 0, 
= 0, 



(*) 



If t, u, v depend on a single parameter, say s, we have for the projections 
of the infinitesimal displacements on the four axes of*, y, z, to the following: 

dx + $-dt + %du + %"dv + (pudt + p[ z du + p&dv) y 

— (p ls dt + p{ s du + p'^dv) z + (p u dt + p' u du + p'udv) w , 
dy + ndt + y'du + rl'dv — (p n dt -\-p{^du + p'udv) x 

+ {Pwdt + p'^du + p'aidv) z + ( p u dt + p' u du + i^efo) to , 
dz + £<ft + %du + ^"^ + (iV^ + P\%du + 2>is<&0 * 

— ( p^dt + p^M + pgdv) y + (^ 34 cft + p^u + #&fo) to . 
dw ■+- Toft + t^i* + ^"<fe — (2?u<& + p'udu + J^efo) 03 

— (p u dt + j)g 4 ^M + piidv) y — (jp^ + p M du + p'udv) z . . 

A further hypothesis can be made in this case, viz. that t, u, v depend each on 
two independent parameters, say s and s x , then we should have 



t(36) 



dt = -~- ds + - 7T - ds-i, 
as as 1 

7 du 7 . du j 
du = -^- as + =— as, , 

OS os 1 

dv = -s— ds + vr- <?*i. 

<7S <7Sj 



(37) 



In this case the t, u, v can be considered as the coordinates of a point on a 
surface. 

In the case of a three-variable displacement we may assume the origin of T 
to move on a hypersurface, the axis of w to be normal to the hypersurface, and 
the other three axes to lie in the tangent hyperplane. We shall then have 

r = t' = 1" = , 

and the linear element will then be given by 

ds* = (gcfc + £'du + %'dvf + fad* + j/dti + V'dtf) 2 + (£cB + ?du + %'dvf. (38) 
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Write 



? + rf +? = F 1U ) 

r +n"* +r =^33, 



then 



(39) 



E n 


#12 


#13 







57 


? 


#12 


#22 


#83 


= 


f 


»?' 


? 


■^13 


#23 


#33 




r 


V 


?" 



ds 3 = ^ 13 <ft 3 + E i3 du? + ^ 33 (fe 2 + 2F n dt du 4- 2F 13 d* <fo 4- 2F iS du dv . (40) 

The discriminant of this is 

E-n F a F 13 I n I " 

(41) 

Of course the values of the JTs and J"s are known when the hypersurface is 
given, that is, when we know the values of x, y, z, w in terms oft, u, v; in that 
case we have 

dx dx w -^dx dx w ^ dx dx i 



*=2Cty. *»=sOI) 8 . * 

ET _ V ^ ^ ET _ V ' 



Equations (39) and (42) serve to determine £, j? £" so far as they can 

be determined. Any hypothesis concerning the way in which T is attached to 
the hypersurface will give three other conditions which can be joined to (39). 
We shall then have nine equations which will serve for the complete determina- 
tion of £ , yi , . . . . £". 

Generalizing now the equation given by Darboux, t. II, p. 376 et seq., we 
have manifestly 



£« 3 + vp» + ly% — ~i 

£<x 3 + >?/3 3 + ly z = 
fa 4- npi + £y 4 = 



dt 

dt 

dw 



(43) 
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IS a, + n'fr + rVi = Jj " 
e«4 + Vft + ?n = 



dw 
du 



x 



dw 



fa 4 +>/'&+ £"74 = 



dv 



From these we find at once 



ai 



ft = 





3sb 

dt 


V 


£ , 


1 

A 


dx 
du 


vf 


? - 




dx 
dv 


n" 


?, 




i 


dx 
~dt 


K , 


1 
A 


e 


dx 
du 


?, 




V 


dx 
dv 


£", 



yi : 



A 



6 



>7 



g» v 



dx 

~dl' 

dx , 

Jfo . 
3v 



(44) 



(45) 



(46) 



The quantities (a 2 , ft, y 2 ) will be got by changing x into ?/ in these last equa- 
tions ; (a 3 , ft, y 8 ) °y changing x into z, and (a 4 , ft, y 4 ) by changing a; into w. To 
get the cosines $ lt 8 Z , S 3 , S 4 we need only to recall the properties of the orthogo- 
nal substitution for which a x , . . . . &, are the coefficients. Or we may use the 
equations which express that the normal whose direction cosines are S 1( S 2 , 8 3 , S 4 
is at right angles to the tangent hyperplane ; these are 
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s dx , *. dy . * dz 



ty _l i «* + K 



dt 



dw 
Tt 



s dx , s 

OU OU 



3j , { 3a . s dw 



8m 



8cc 

3«; 



dy 
dv 



du 
dw 



:0, 



* oji 1 s <w , s 9i! , * aw n 
^ +^ + ^s ^ + ^ = 0. 



(47) 



1 d (z,w, x) ~\ 
A~ 3(£, u, v) ' I 

1 d (x, y, z) J 
A d(t, u,v) " J 



(48) 



"We shall have by either method 

% — 1 ^ (y. g. w) s _ 
*"" "A 3(i, «, v)' d% ~~ 

s _ 1 d(w, x, y) *. _ 

ds ~ "a a^w.to* a4_ 

The direction cosines Py, thirty-six in number, of the six coordinate planes are 
readily found when the 16 cosines a if (3 { , y u S t (i = 1, 2, 3, 4) are known. 

To obtain the rotations Py, ]?%, $>#, we proceed as on p. 378, t. II of Dar- 
boux, using equations (43), (44), (45) and (48). We have at once the following 
six relations : 

2* 1 d-^ = l {Pudt + p' u du + pUdv) 
+ n {Pudt + pLdu + p'udv) 
+ £ {Pz$t + Pud™ + Pufio) , 

2 8 i d a^ = £' tew* + -Pi^ w + P&h) > j 
+ yj'(Pzidt+p^du + pHdv), j" 

+ v" (p%$t + K^ M + Pu^) . 

+ £" (P3idt + J>34^ + 2>34*>) . , 

t( +w-m(p^t+pi 3 d U +p&v) [ 

+ (»?'£ — *7?)Cpw* + v'n du + pUflo) . J 

2j£ d §~ = w + w + w + (ew -w){pvfit + i>iW« + p'i^v) 1 



(49) 



(50) 



(51) 



(52) 






(53) 
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Sir d i£ = ?'% + n " dri + ^ + ^" ~ *"*)(*«* + ri* du + #8*0 ] 



>dv dt 

+ (I"? - tt")(Pudt + ^u + j>{» 

+ W — y"Z)(P2gdt + p' w du + pi' 3 dv) . 
Define now the six determinants 

All A2) A31 "ui A3) As 

by the equation 

D n df + D n du % + As^ 3 + 2Z? u <ft du + 2D 13 dt <fo + 2D 23 du dv 

dx dx 



j>(54) 
J 



A 



dx Z % x , « , 3 3 a; , , , 3 8 a: , . 

ar' a^' w 3^ + a^ + a^^ 



+ 2 



3"03 



|2 /v , 3 2 «£ 3 2 £C 

^ (^W + 2 - - <$ dv + 2 ^ — — (#W cfo, 



32 3w 



3*3« 



dudv 



(55) 



only one line of the determinant on the right-hand side is written, the others are, 
of course, obtained by changing x into y, z and w successively. 
Introducing the values of hi, h 2 , h s , h it we have 

n _v^s 3 2 cc n ^u d z x n _v« 3 3 a; 

d*x j^ ^i^ 3 2 a; 

373^ 



X) 



12 ' 






3 2 te 
1 3t*3« 



(56) 



Equations (44), (50) and (51) can now be written 

D n dt + Dudu + D ls dv = £P 14 + nP u + £P 34 , } 

D^t + D n du + D Z3 dv = £'P 14 + n'Pu + VPu ,\ (57) 

D n dt + Z) 33 ^ + AA = £"P 14 + ^"P 24 + £"P M . ) 

The P 14 , P 24 , P u are abbreviations whose definitions are obvious. We have now 

Dndt + D n du -\-D 13 dv, r\ £ , 
D^dt + D n du + D 2S dv , 97' £', (58) 

D lz dt + D^du + D 3S dv, V' £", 



AP U = 



or substituting for P 14 its value, 

A (p u dt + _p{ 4 #w + piidv) = 

Ai >7 £ 



A. V 
A 3 n" V 



dt + 



A2 >7 I 

A 2 V f 
A3 v" ?' 



£?M + 



A3 


n 


? 


► 


A3 


n> 


? 


cfo. 


A3 


Y," 


?' 


> 



(59) 
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Similarly, 

A (p u dt + piidu + p'udv) = 
£ Ai ? 






A. 
D 



13 ?' 



C& + 



and 



I 


n 


Ai 




e 


r/ 


A3 


d* + 


e 1 


n" 


A 3 





£ 
f 

«" 



£ 
? 



A. 

A* 
A 3 



? 

? 
r 



A, 



dfo* + 



r 



As 
As 
A. 



Z), 



23 



z>, 



33 



<#M + 






*7 



? 
? 
?' 



As 
As 
As 



dv 



(60) 



cfo. 



► (61) 



It is only necessary in each of these last three equations to equate separately the 
coefficients of dt, du, dv and so obtain the values of the nine rotations 

Pw Pit, Pii, 
Pu PL, Pu, 

Pu, pL, pii 

To get the remaining nine rotations Pn> Pu> • • • -Pw we use equations (52), (53) 
and (54). 

We have first to calculate the values of the left-hand members of these equa- 
tions. 

From (52) we have 

dx 7J v dx d 2 x , j .. v dx d 2 x , _ 7 .. -^ dx d 2 x 



dx , 



7 , ^i ax o~x . j v 1 ox o~x , j v* « 



=*^*+[ 



3i^ 



13 



3« 
From (53) we have 



dx 



du 



dK 



■dF, 



dt 



?]*+i[if + if-^]* 



(62) 



X 



^du dv *-' du dt dv ^ du du dv 



+ «fe>2 



dx d z x 
du dv 2 



=i[ 



dF 



12 



dF ls dF^f] , , , 3# 2! 



3v 



3« 



+^r]*+ 



3v 



*+[f- ] 



i 3^3 
*~3¥ 



|<fo>; 



(63) 



and from (54) we get 
dx , dx 
~dv~ ~di 



z&*3r=*2&?y+*2:- 



3a; 3 2 a? _i_ ^, V ^_?i d^ 4. j V_??L ^ 
dv dudt ^dv dtdv 



[ ^_ i ^ ](B + i[ ^_^ + ^]*. + i a**. 



(64) 
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For brevity, write these last three equations in the form 

SOOT OOP 

d ^— = A x dt + Bidu + GAv , 
at ou 

-^— d -£— = A z dt + B 2 du + G 2 dv , 



^^av at 



(62) 
(63') 
(64') 



The values of the A iy B it G t are seen at once by comparing the equations (62), 
(63), (64) with (620, (630, ( 64 0- 
Write also for brevity 

P12 = Pndt + Pi$ u + l>i$v . ) 

Pis = Pisdt + Pndu + Pisdv, > (65) 

As = i>23^ + pl^u + Pv$v , J 

Equations (52), (53) and (54) can now be put in the following forms : 

w_r8Pi* J .r»._«^_,|i_jW]4,- 



[*-«#-,$-j:$]*+|>-^- 



3« 5 3t* 
= - (6/ - fu) P M - (££' - £'£) As - M* - VO P» - J 

+[«-ff-^-P|£]* 

= - (£' */' - £'V) P« - (£"£' - OT Pis - W - yi'%') P 23 , 

i~j —pn a £ —y,»d!L—piK~]dt+ [Bo— p ,d JL — v,» dyi — /" a n 



► (520 



(530 






du 



dv 



dv dv 5 dv 

= - (f'n - W) Pn - {&' - Z'%) Pis - n'% - W'S - >£') P 23 

The determinant of the right-hand sides of these equations is obviously 



I (540 



_A 2 = . 



*. 


n , 


£ 


2 


e, 


n', 


? 


= 


e 1 , 


n", 


£" 





■^11, Pl2, Pl3) 

Pl2) -^22 > PgS) 
■^13 ) -^23 > -^33 • 
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We have now only to solve these last three equations in order to obtain the 
values of P 12 , P ]3 , P 23 , then replacing these quantities by their values from (65) 
and equating separately the coefficients of dt, du, dv on each side of the results, 
we shall have the values of the nine rotations 



Pm 


Pn, 


2& 


Pis, 


Pis, 


P& 


Pus, 


i>83, 


Psi 



which, it will be noted, depend only on the linear element. The work of calcu- 
lation is somewhat long, but perfectly simple. We find 

Pn=Pv$t +p[zdu +p'^dv 

+«[(^-Sff)*i<A-Sef)*H-(ct-Spf)*] 
+«L(^-SrD*+(^-S w i)*H-(^-SPD*]} 



1.(66) 



We shall have P 13 and P 23 by changing the multipliers £", £, £' of the brackets 
into V, 57> yf and £", £, £' respectively. If we take the simplest case, viz. the one 
corresponding to lines of curvature on a surface in three-dimensional space, we 
shall have 

D 12 =D 13 =D 2S =0r 



F™ = F-, 



13 



:F, 



23 



= 0.1 

= 0.3 



(67) 



It is easy to see that these last conditions involve the following : 

Z=%i = r, = f/' = Z = ?=O t 
and so 

^=VE~ n , y/ =VE~, Z,"=SE~, 

A = W=VE u E iZ E 33 . 

From equations (59), (60) and (61) we now get 



(69) 



Pu = -j%*, Pu=0 



s/E, 



p'A- 



n 



Pm = 



Pk = 



D* 



pL=o 



p£ = 



p&= 



s/E.. 



S3 



(70) 
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These give us, of course, expressions for the three principal radii of curvature at 
a point of the hypersurfaee where the three parametric surfaces 

t = const., u = const., v = const. 

are surfaces of curvature. 

We have also from (66) and the two similar equations derived from it by 
changing £ into 17 and into £ respectively : 

„ / 1 3E n // 1 9-^33 



WILE- dv ' rn WE-E- du 



_ 1 dE n , _ ,,_ —1 3^33 

Pl3 ~ 2VE n E s3 ~dv~' Pl3 ~ ' Pl3 ~2VE n E 33 ~ST 

— 1 3-E"ii / 1 9-^i2 // n 

P23 -WE n E 22 ~du-' P ™~ WE n E n ~ST' Pzs ~ 



(71) 



These formulas are analogous to those for the radii of geodesic curvature of the 
lines of curvature in ordinary space. 

It is obvious that an enormous number of formulae concerning hypersur- 
faces, surfaces and curves in a four-dimensional space, can be derived from the 
preceding brief generalization of Darboux's methods. A problem of particular 
interest, as it seems to me, is the case where the three variables t, u, v depend 
on two independent parameters ; for the study of this problem Poincare's memoir 
(" Sur les K6sidus des Int6grales doubles," Acta Math., t. IX) and the treatise 
"Theorie des Fonctions Alg6briques de deux Variables independantes," by 
Picard and Simart are full of suggestions. 
Baltimore, Dee. 2, 1897. 



